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1. INTRODUCTION 

Gravity is a mysterious force; we still don't know what 
gravity is. But recent developments from string and M 
theories gradually reveal a remarkable and radical new 
picture about gravity (for recent reviews, see, for ex- 
ample, P, 0|): Gravity may be a collective phenomenon 
emergent from gauge fields. That is, the spin-two gravi- 
ton might arise as a composite of two spin-one gauge 
bosons. 

Although the emergent gravity is a fascinating ap- 
proach suggesting that gravity itself may not be "funda- 
mental physics" , it is not easy to realize it from ordinary 
quantum field theories due to a general no-go theorem 
known as the Weinberg- Witten theorem 0] , stating that 
an interacting graviton cannot emerge from an ordinary 
quantum field theory in the same spacetime. One has to 
notice, however, that Weinberg and Witten introduced 
two basic assumptions to prove this theorem. The first 
hidden assumption is that gravitons and gauge fields live 
in the same spacetime. The second assumption is the ex- 
istence of a Lorentz-covariant stress-energy tensor. Thus, 
to realize the emergent gravity, one has to relax one of 
the assumptions in some ways. 

One also has to recall that gravity has no local gauge- 
invariant degrees of freedom. So one cannot start with a 
theory containing local gauge-invariant operators to gen- 
erate Einstein gravity as an emergent phenomenon in the 
same spacetime. 

The clue to relax the first assumption comes from the 
holographic principle Gravitons live in a higher di- 
mensional spacetime than gauge fields. In this description 
known as the anti-de Sitter space and conformal field the- 
ory (AdS/CFT) duality gravity in higher dimensions 
is an emergent phenomenon arising from particle inter- 
actions in a gravityless, lower-dimensional world. The 
bulk geometry, i.e., AdS space, has to contain a holo- 
graphic screen on which the boundary theory, typically 
super Yang-Mills theory, is defined. Since the Yang-Mills 
theory contains many local gauge-invariant observables 
and the diffeomorphism only appears in the bulk, the 
AdS/CFT duality does not provide any information on 
lower-dimensional gravity in the same spacetime where 
the boundary theory is defined. 



One may try to relax the second assumption instead. 
This assumption can be relaxed, for example, by intro- 
ducing a symplectic structure of spacetime - noncommu- 
tative (NC) spacetime: 



(1) 



A field theory defined on the NC spacetime preserves 
neither locality nor Lorcntz invariancc. An important 
fact is that translations in NC directions arc basically 
gauge transformations, i.e., 



? k -y*f{y)*e- ik -v =f{y + 6-k). 



(2) 



This immediately implies that there are no local gauge- 
invariant observables in NC gauge theory Q. These 
properties are precisely those of gravity. This was the 
motivation in [7( to explore the relation between NC field 
theory and gravity. 

Recently it was shown in 0, Q that gravitational in- 
stantons in Einstein gravity are equivalent to U{\) in- 
stantons in NC gauge theory, so illuminating the remark- 
able correspondence between NC field theory and gravity 
at least for their self-dual sectors. 

In this paper we will generalize the results in [H, 0|, 
showing that self-dual electromagnetism in NC spacetime 
is equivalent to self-dual Einstein gravity. Although the 
equivalence between NC instantons and gravitational in- 
stantons was formally shown in 0, Q , an explicit exam- 
ple was shown only for the Eguchi-Hanson metric and 
a single NC instanton. Furthermore it is a highly non- 
trivial problem to find multi-instanton solutions even in 
the gauge theory. Therefore one might expect that it 
will be very difficult to explicitly find a map that sends 
a generic self-dual gauge field configuration of NC gauge 
theory to a metric which is a solution of self-dual Einstein 
equations. It is thus quite surprising that there is an ele- 
gant formulation to realize the equivalence between self- 
dual NC electromagnetism and self-dual Einstein gravity, 
where it is not difficult to find explicit nontrivial solu- 
tions showing that the asymptotically locally Euclidean 
(ALE) and asymptotically locally flat (ALF) spaces [13] 



1 1 1 are indeed solutions of NC 



as well as the real heaven 
electromagnetism. 

This formulation is essentially based on Eq. j2|) stating 
that translations are an inner automorphism of NC alge- 
bra |T]) or, in its infinitesimal form, derivations are inner, 
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*p- 1 )^,/(y)]. = ^/(y). 



(3) 



In the presence of gauge fields, the coordinates y M should 
be promoted to the covariant coordinates defined by 



(4) 



in order for star multiplications to preserve the gauge 
covariance [l2| . The inner derivations ((3]) are accordingly 
covariantized too as follows 

,dD u 



ad D „[/] = -i[D u {y),f(y% = 6 ab 
= V«(y)d a f(y) + 0(8 3 



df 



QyO, Qyb 



where D fl (y) = (O^ 1 ) uv x v '(y) . It turns out that the vec- 
tor fields V u (y) = V^(y)d a form an orthogonal frame and 
hence define vielbeins of a gravitational metric. This in- 
trinsic property in NC geometry will be combined with 
the rigorously established result in [ljj 14, 15 1 to con- 



clude that self-dual NC electromagnetism is equivalent 
to self-dual Einstein gravity, which will be done in Sec- 
tion 3. 

Self-dual gauge fields in NC spacetime have been shown 
in 0, 0] to describe hyper-Kahlcr manifolds and every 
hyper-Kahler manifold has an associated twistor space 
[lq . Therefore we expect that self-dual NC electro- 
magnetism may be related to a twistor space describing 
curved self-dual spacetime. We will show that this struc- 
ture is beautifully realized through the Darboux theorem, 
where all the information of self-dual NC gauge fields can 
be encoded in the holomorphic structure of the twistor 
space. This construction also clarifies the nature of grav- 
ity emerging from NC gauge fields; the gauge fields act 
as a deformation of the Kahler structure of self-dual 4- 
manifold or the complex structure of twistor space. In 
this way gauge fields in NC spacetime manifest them- 
selves as a deformation of background geometry, which 
is also compatible with the picture in Eq.©. Thus we 
should think of the twistor space as already incorporating 
the backreaction of NC instantons. This picture is very 
similar to that in (l7| where placing Dl-branes (as in- 
stantons in gauge theory) in twistor space is interpreted 
as blowing up points in four dimensions dubbed as space- 
time foams and the Kahler blowups in four dimensions 
are encoded in the twistor space as the backreaction of 
the Dl-branes. 

A brief outline of the paper is the following. In Sec- 
tion 2, the equivalence between NC U(l) instantons and 
gravitational instantons is made more precise giving a 
nice geometrical picture in terms of the twistor geome- 
try [l8(. The beautiful geometrical structures of twistor 
geometry also allow us to clarify the nature of gravity 
emerging from NC gauge fields. In Section 3, we apply 
Eq.© to self-dual NC gauge fields to show the equiva- 
lence between self-dual electromagnetism in NC space- 
time and self-dual Einstein gravity, using the rigorously 



established result in [l3j, [l4|, [l5|. In Section 4, we add 
some remarks about our results. 



2. NONCOMMUTATIVE INSTANTONS AND 
TWISTOR SPACE 

Let us consider electromagnetism in the NC spacetime 
defined by Eq.©. The action for the NC U(l) gauge 
theory in flat Euclidean R 4 is given by 



1 



(5) 

where NC electromagnetic fields are defined by 



Fun — dnAv d v A^ 



[Afi, A v 



(6) 



(7) 



Contrary to ordinary electromagnetism, the NC U(l) 
gauge theory admits non-singular instanton solutions sat- 
isfying the NC self-duality equation 



(8) 



The NC gauge theory has an equivalent dual descrip- 
tion through the so-called Sciberg-Witten (SW) map in 
terms of ordinary gauge theory on commutative space- 
time poj . The SW map is a map between gauge or- 
bit spaces of commutative and NC gauge fields. We 
will mainly be confined to semi-classical limit, say 0{9). 
which means slowly varying fields, *C 1 5 in the 

sense keeping field strengths (without restriction on their 
size) but not their derivatives. This is precisely the limit 
taking only the leading term in Eq. ([5]) , so ignoring deriva- 
tive corrections which start from O(0 3 ). (See |2l| for 
derivative corrections of the SW map.) The exact SW 
map 



HI, 23| in this limit is given by 



F6 ) (j,v ^ 



d A y = d A xy / det{l + F0)(x), 



(9) 
(10) 



where x M 's are the covariant coordinates defined by 
Eq.©. Applying the maps © and (10]) to the action ©, 
one can get the commutative nonlinear electrodynamics 
13, HI equivalent to Eq.© 



S c = \J d 4 x^ti g» x g° v F uu F Xa , (11) 



where we introduced an "effective metric" induced by the 
dynamical gauge fields as 

= <w + (^)m- (g _1 r = ^ v = [ytfoT- 

(12) 

It was shown in [8[ that the self-duality equation for 
the action Sq is given by 



F^xiy(x) — i Sujy\(jF (x) , 



(13) 
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where 



(14) 



Note that Eg. ([13]) is nothing but the exact SW map (|9|) 
of the NC self-duality equation (JSJ. It turned out [3, [9| 
that Eq. ([T3|) describes gravitational instantons obeying 
the self-dual equations [25 1 



Rabcd 



1 f 

+ - F , t n e f . 



(15) 



where R a bcd is a curvature tensor. Interestingly, Eq. ([T3|) 
can be rewritten 2l|] as the self-duality in a curved space 
described by the metric g M „ 



1 £ XapT 

F ilv (x) = ±-- 



"2 Vdit^ 



F pT (x). 



(16) 



It should be remarked, however, that the self-duality in 
(|16p cannot be interpreted as a usual self-duality equation 
in a fixed background since the four-dimensional metric 
used to define Eg. ([To]) depends in turn on the £7(1) gauge 
fields. 

NC instantons turn out to have a rich connection with 
twistor geometry jT^. We will newly derive the key re- 
sults in [1, Q closely following the paper [26| on N = 2 
strings which will clarify the nature of gravity emerging 
from NC gauge fields. To proceed in that direction, let us 
consider the line element (where we follow the notations 
in @,i) 



ds 2 = g flv dx ,1 dx u 



(17) 



where g M „ = l/2(d flv + g, J/V ). We also introduce the triple 
of Kahler forms as follows, 



(18) 



It is easy to check Q that o\ A o 2 A 03 A 04 = d 4 x, say, 
y/ det g M „ = 1 and 

w = cD 2 + iuJ 1 = dz\ A dz2, u> = uj 2 — iu) 1 = dz\ A dz 2 , 
tt = -uj 3 = -(dzi A dzi + dz 2 A dz 2 ) + OF. (19) 

It is obvious that duj a = 0, Va because of the Bianchi 
identity, dF = 0. This means that the metric g MI/ is 
hyper-Kahler which is an equivalent statement as 
Ricci-flat Kahler in four dimensions. Therefore the met- 
ric g M; , is a gravitational instanton [2^|. Eq. ([T9j) clearly 
shows how dynamical gauge fields living in NC space- 
time deform the Kahler structure and thus induce a de- 
formation of background geometry through gravitational 
instantons, thus realizing the emergent geometry. 

The deformation of symplectic (or Kahler) structure 
on R 4 due to the fluctuation of gauge fields can be more 
clarified by the following construction. Let us consider a 



deformation of the holomorphic (2,0)-form uj = dz\ A dz 2 
as follows 



r 

= uj + itfl H uj 
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(20) 



where the parameter t takes values in P 1 = S 2 . One can 
easily see that d^(t) = if and only if dF = and 



#(i) A = 



(21) 



since Eq. (|2ip is equivalent to the instanton equation 

F £v = l / 4 =( FF )^u B H- Sincc thc two-form 
is closed and degenerate, the Darboux theorem as- 
serts that one can find a t-dependent map (z\ 1 z 2 ) — > 
(Zi(t; Zi, zi), Z 2 (t; Zi, zi)) such that 



*(*) = dZi{t;zi,Zi) A dZ 2 {t;zi,Zi). 



(22) 



When t is small, one can solve (l2"2"j) by expanding 
Zi(t; z, z) in powers of t as 



Zi(t; z, z) = Zi + V — p\(z, z). 

* — * « 



(23) 



(24) 
(25) 



By substituting this into Eq. ([20|) . one gets at 0(t) 
d ZiP \ = 0, 

£-ikdzjP\dz l A dz J = iQ 



where the fact was used that fHs a (l,l)-form. Eq. 
can be solved by setting p\ = l/2e^d Zj K and then O = 
i/2didjKdz l A dzK The real- valued smooth function K 
is the Kahler potential of £7(1) instantons in 0]. In 
terms of this Kahler two- form f2, Eg. ([2"Tj) reduces to the 
complex Mongc- Ampere or the Plcbahski equation 27 1 



fi A fi = -uj A to. 
2 



(26) 



that is, det(didjK) = 1. 

When i is large, one can introduce another Darboux 
coordinates Zj(t; Zi, zi) such that 



#(i) = t 2 dZi(t; z h Zi) A dZ 2 {t- z h zi) 



with expansion 



z,z) = Zi + y~] p\(z, z). 



(27) 



(28) 



One can get thc solution ([20]) with p\ = -l/2e ij d z -.K 
and fl = i/2didjKdz i A dzA 

The t-dependent Darboux coordinates Zi(t;z,z) and 
Zj(t; 2, z) correspond to holomorphic coordinates on two 
local charts, where the 2-form fy(t) becomes the holo- 
morphic (2,0)-form, of the dual projective twistor space 
P*T which may be viewed as a fiber bundle over S 2 with 
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a fiber being a hyper-Kahler manifold M4. Here we re- 
gard t as a deformation parameter of complex structure 
on M.4. We know from Eq. (flT)|) that the Kahler form 
Q, is rank 4 and so can always serve as a symplectic 
form on both coordinate charts. As a result, two sets 
of coordinates at t = and t = 00 are related to each 
other by a i-dependent canonical transformation given 
by /,; (t \ Z{t)) = tZi(t) on an overlapping coordinate chart 



26( . In this way, the complex geometry of the twistor 
space P*T encodes all the information about the Kahler 
geometry of self-dual 4-manifolds M.4 emergent from self- 
dual NC gauge fields. We refer the reader to [l8| for more 
details about the twistor geometry. 

From the above construction, we see that the informa- 
tion of self-dual NC gauge fields is encoded in the twistor 
space in the following way. The Bianchi identity dF = 
appears as the Kahler condition of a self-dual metric on 
M.4 or as d^(t) = in the twistor space. The self-duality 
equation (fT5|) is realized as the Ricci flatness of M4 or as 
the nilpotentness (|2"Tj) in the twistor space. In total, the 
self-dual NC gauge fields manifest themselves as a Ricci 
flat Kahler manifold A4 4 or as a holomorphic deformation 
of the twistor space. If turning off gauge fields, namely 
F = 0, we simply arrive at a flat space, i.e., A4i = R 4 
and P*T = R 4 x S 2 . Thus we should think of the twistor 
space as already incorporating the backreaction of NC in- 
stantons. This picture is remarkably similar to that in 
twistor string theory 17[ as we discussed in Section 1. 



3. SELF-DUAL EINSTEIN GRAVITY FROM NC 
ELECTROMAGNETISM 

In this section we will use the b ackg round independent 
formulation of NC gauge theories |20|.|28| . One can show 
using the SW map in |23j, |24| for this case that 



d A y(F - B)^ * (F - BY V 



J d A x^drtig^g av B^B> 



where B,, 



(29) 



The identity (|29|) definitely shows 



that the fluctuations F by NC photons around the back- 
ground B are mapped through the SW map to the fluc- 
tuations of geometry on commutative spacetime. 

Before going into details, let us point out that the NC 
gauge theory and gravity correspondence may be un- 
derstood as a large N duality I2J. To see this picture, 
consider the NC description in [20, [3] where the action 
is expressed only in terms of manifestly covariant and 
background-independent variables : 



-L-J d i y{F-B),„*{F-Br 



g s K* 



T g„ x g va Tr- H [x> t ,x l '}[x x ,x <T } 



(30) 



where we made a replacement jjky 1 1 TPMj us ~ 
ing the Weyl-Moyal map. Here we used the following 
notation: g^ v = constant closed string metric, g s {G s ) 
= closed (open) string coupling constant, k = 2irot' . 
The covariant, background-independent coordinates 
0, [Hi are defined by Eq.Q and they are now opera- 
tors acting on an infinite-dimensional, separable Hilbcrt 
space H , which is the representation space of the Heisen- 
berg algebra |T]). The NC gauge symmetry in Eq. (|3"01) 
then acts as unitary transformations on Ti., i.e., 



,M = Ux^Ul 



(31) 



This NC gauge symmetry 
U cpt (H) D U(N) (N -» 00) 



Ur.ntCH) is so large that 
[29j. In this sense the NC 
gauge theory in Eq. ([30]) is indeed a large TV gauge theory. 
Note that the second expression in Eq. ([3T)]) is a large N 
version of the IKKT matrix model which describes the 
nonperturbative dynamics of type IIB string theory [3p| . 

The map ((5|) in general defines an inner derivation of 
NC Tk-algcbra which reduces to ordinary vector fields or 
Lie derivatives in the limit of slowly varying fields. There- 
fore we will identify the adjoint action of with re- 
spect to the star-product with vector fields € T.M4 
on some four manifold M.4 as an emergent geometry. 
The identification is quite natural since the NC gauge 
fields (y) are in general arbitrary, so they generate ar- 
bitrary vector fields in TM.± according to the map © 
and — i[B^x" , /]* = d^f when = 0. One can easily 
check that 



(ad D(i ad£>„ 
-iadrn n 



- adr>„ ad D J[/] 
,lf}~K,V v }[f} 



(32) 



where the right-hand side is defined by the Lie bracket 
between vector fields in TM4. 

Now let us look for an instanton solution of Eq. (|30l) . 
Since the instanton is a Euclidean solution with a fi- 
nite action, the instanton configuration should approach 
to a pure gauge at infinity. Our boundary condition is 
Fftv — > at \y\ — > 00 as usual. Thus one has to remove 
the background part from the action ((30|) . but with a 
background independent as well as gauge covariant way. 
There is a unique way to achieve this by defining the 
self-duality equation as follows 



ad 1 



D U ,D„ 



[V fi ,V v ]=±-e flvX<7 [V x ,V IT } 



(33) 



where we used Eq. (|32p . From the above definition, it is 
obvious that the constant part in — i[-D^, D^]* = F^ v — 
B^, i.e. 



B^, can be dropped and so the self-duality 



equation ([33]) is equivalent to Eq.©. 

It is obvious from Eq.© that the vector fields are 
divergence free, i.e. d a V^ = 0. In other words, they pre- 
serve a fixed volume form £4, i.e., Cv^i = 0, V/i, where 
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Cy is the Lie derivative along V^. In addition, the vector 
fields form an orthonormal frame up to some confor- 
ms! factor since £4(^1, V2, V3, V4) oc det(||) corresponds 
to the Jacobian factor for the coordinate transformation, 
yV- — > x tJ, (y), which is non- vanishing unless F + B = 0. In 
summary, instanton configurations in NC spacetime ([T]) 
are mapped to the volume preserving diffeomorphism, 
denoted as SDiff(M±), satisfying Eq.(|33|). 

So we arrive at the result of Ashtekar et al. [HI . Their 
result is summarized as follows (3l|. Let M4 be an ori- 
ented 4-manifold and let be vector fields on M.4 form- 
ing an oriented basis for TM.4. Then define a con- 
formal structure [Q] 011M4. Suppose that preserve a 
volume form on M4 and satisfy the self-duality equation 



(34) 



Then [Q] defines an (anti-)self-dual and Ricci-flat metric. 

Since V M e LSDif f(Mn), the Lie algebra of 
SDif flMi), form an orthonormal frame up to a con- 
formal factor, they define a metric on .M4. Indeed V? in 
Eq. ([5]) can be related to an inverse vierbein or tetrad on 
A^4. Thus the self-dual metric is given by fl3j 



G ab = dctV^ 1 V,fV^S flu . 



(35) 



Note that the metric (f3"5|) becomes flat if NC gauge fields 
arc trivial, say, = since V® = 8^ in this case. In 
other words, the flat spacetime is emergent from the uni- 
form condensation of gauge fields, i.e., = (1/0) M „, 
which defines the NC spacetime ([T]) as a vacuum. But 
Eq. (f3"5)) implies that the presence of nontrivial gauge 
fields in the NC spacetime deforms the vacuum mani- 
fold, i.e. flat R 4 , to a curved manifold. We here confirm 
again the same picture emergent in Section 2 that NC 
instantons deform R 4 to a self-dual Einstein manifold. 

Motivated by the similarity of Eq. (f34|) to the self- 
duality equation of Yang-Mills theory, Mason and New- 
man showed [3l that, if we have a reduced Yang-Mills 
theory where the gauge fields take values in the Lie alge- 
bra of SDif /(.M4), which is exactly the case in Eq. (|3"3")) . 
Yang-Mills instantons are actually equivalent to gravita- 
tional instantons. We just showed that this is the case 
for NC electromagnetism. 

It is a priori not obvious that the self-dual electro- 
magnetism in NC spacetime is equivalent to the self-dual 
Einstein gravity. Therefore it should be helpful to have 
explicit nontrivial examples to appreciate how the equiv- 
alence is achieved. It is not difficult to find explicit self- 
dual solutions from Eq. (|34|) . For example, the Gibbons- 
Hawking metric [Io| was given in [3l| and the real heaven 
solution 11 1 was done in [32I ]. 

The Gibbons-Hawking metric [l(| is a general class of 
self-dual, Ricci-flat metrics with the triholomorphic U(l) 
symmetry which describes a particular class of ALE and 
ALF instantons. Let (ai,U), i — 1,2,3, are smooth real 



functions on R 3 and define Vi = — di-§p + gfr and V4 = 
f/Jp, where r parameterizes a circle and x € R 3 . Then 
one can easily check that (T^i, V4) are divergence-free, 
namely, they belong to LSDif /(.M4) and the Killing 
vector d/dr generates the triholomorphic U(l) symme- 
try. Eq. (|3"4"l) then reduces to the equation VU + V xa = 
and the metric whose inverse is Eq. (|35p is given by 



ds 2 



U~ 1 (dT + a ■ dx) 2 + Udx ■ dx. 



(36) 



The real heaven metric [ll| describes four dimensional 
hyper-Kahler manifolds with a rotational Killing symme- 
try which is also completely determined by one real scalar 
field. The vector fields in this case are given by [13] 



v 2 = 



— - d^— 



(').V 

_d_ 

dx 2 



(37) 



Vi 



t\ d 
i[ 2)dx-3 



where the rotational Killing vector is given by Cidiipd/dr 
with constants a (i = 1, 2) and the function ip is indepen- 
dent of t. Then it is easy to sec that <E LSDif f(M.i). 
Eq. (|34p is now equivalent to the three-dimensional con- 
tinual Toda equation (d 2 + d 2 )Tp + <9fe^ = and the 
metric is determined by Eq. (j3l)|) as 



ds 2 = (ds^-^dr + a l dx 1 ) 2 + (d 3 ip)(e^ 'dx' dx 1 + dx 3 dx 3 ) 

( 38 ) 

where a 1 = e^djip. 

Although we concretely derived the equivalence, Eq. 
(|33]l . between self-dual NC electromagnetism and self- 
dual Einstein gravity, it is nevertheless very surprising 
that the real heaven (|38|) as well as the ALE and ALF 
instantons ([55]) are solutions of NC electromagnetism. 



4. DISCUSSION 

We have shown a remarkable picture implying that 
gravity can emerge from gauge fields living in NC space- 
time. This striking picture about gravity is originated 
from the fact that the fluctuation of gauge fields in NC 
spacetime can be interpreted as that of spacetime ge- 
ometry via the Darboux theorem. It turns out 0, EE} 
that a basic reason for the correspondence between NC 
gauge theory and gravity is that the NC spacetime (fTJ 
admits an extra symmetry, the so-called A-symmetry (or 
_B-field transformation), which is as large as diffeomor- 
phism symmetry. Through the Darboux theorem, the 
A-symmetry can be considered as a par with diffcomor- 
phisms. This is the underlying reason why gravity can 



6 



emerge from gauge fields living in NC spacetimc. One 
can also see this picture through the SW map in Eq. (j29]) . 

Some remarks arc in order. 

(1) Recently, it was found [33| that NC field theory 
is invariant under the twisted Poincare symmetry where 
the action of generators is now defined by the twisted 
coproduct in the deformed Hopf algebras. Especially the 
NC spacetime ([T]) appears as a twisted Poincare invariant 
as well as gauge invariant (since 9^ = (l/B)^) while 
it has been argued to break the usual Lorentz symme- 
try. This fact seems to be consistent with the picture of 
emergent gravity, as we observed below Eq. (|35|) . where 
a flat spacetime is not a priori given but emergent from 
the algebra {1} defining a NC spacetime. According to 
the motto of emergent gravity declaring that a geometry 
is defined by an algebra, we interpret that the NC alge- 
bra ((T|) defines a flat spacetime as a vacuum geometry 
(i.e., without fluctuating fields) in the context of emer- 
gent geometry. If it is true, it implies that a flat space- 
time as well as its Lorentz symmetry is emergent from 
the NC Tk-algcbra (p}, which is twisted Poincare invari- 
ant as well as gauge invariant. (See the Seiberg's paper 
in [l[ for a related argument.) We think that the twisted 
Poincare symmetry, especially the deformed Hopf alge- 
bra and quantum group structures, will be important to 
understand the correspondence between NC field theory 
and gravity since underlying symmetries are always an 
essential guide for physics. Incidentally, this symmetry 
plays a prominent role to construct NC gravity [34j . 

(2) The canonical structures, in particular, complex 
and Kahlcr structures, of the self-dual system (|34|) . have 
been fully studied in a beautiful paper (lBj . The argu- 
ments in [lH are essentially the same as ours leading to 
Eq. (|26|) . It was also shown there how Plcbahski's heav- 
enly equations 27J can be derived from Eq. (jo"4")) and also 
how Eq. ([M|) manifests the structure of twistor space. 
Furthermore it can be shown [35| that Eq. (j34]) can be 



reduced to the sdif f(E g ) chiral field equations in two 
dimensions, where sdif f(Y> g ) is the area preserving dif- 
feomorphisms of a Riemann surface of genus g. All these 
properties are deeply related to several intcgrable struc- 
tures. Thus it will be very interesting to clarify the in- 
tcgrable structures inherent in the self-dual NC electro- 
magnetism, self-dual gravity and twistor spaces. 
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